Contemporary Mathematics 



The Large Radius Limit for Coherent States on Spheres 
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Abstract. This paper concerns the coherent states on spheres studied by 
the authors in [J. Math. Phys. 43 (2002), 1211-1236]. We show that in the 
odd-dimensional case the coherent states on the sphere approach the classical 
Gaussian coherent states on Euclidean space as the radius of the sphere tends 
to infinity. 



1. Introduction 

In our earlier work Q] we constructed coherent states and an associated reso- 
lution of the identity for a quantum particle whose classical configuration space is 
a (i-dimensional sphere. Although the main result of [Q] is a special case of results 
of Stenzel || (building on results of Hall g, gj), we give a substantially different 
description based on the "complexifier" approach of Thiemann |Q] and the "polar 
decomposition" approach of Kowalski and Rembielihski I n B we also give 
self-contained elementary proofs of all the main results. See also |3|] for a survey of 
related results. 

We consider S , the sphere of radius r in R d+1 , viewed as the configuration 
space for a classical particle. We consider also the corresponding phase space, the 
cotangent bundle T*(S d ), which we describe as 

T*(S d ) = {(x,p)|:r 2 =r 2 ,x.p = 0}. 

Here p is the linear momentum which must be tangent to the sphere at x, that is, 
orthogonal to x. 

We now briefly review the results of 0] . Following the complexifier approach of 
Thiemann we first choose a constant u) with units of frequency, whose significance 
will be discussed in Section 2. Then we consider the "complexifier" function on 
T*(S d ), defined by 

kinetic energy p 2 j 2 
complexifier = — 



2mu IrriLor 2 ' 
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where j 2 is the total angular momentum. Then we define complex-valued functions 
Oi, • • • , ad+i on T*(S d ) by the formula 



a k = e «{-,complexifier} Xfc 



n=0 v 7 » 

n 

where {•, •} is the Poisson bracket. A calculation gives the explicit formula 



(1.2) a(x, p) = cosh [ — —r I x + i — sinh 

\ mtur 2 ) j \ rriLur 

The functions a k satisfy {aft, ai} = and a 2 + ■ ■ ■ + a 2 d+1 = r 2 . The map (x, p) — > 
a (x, p) is a diffcomorphism of T*{S d ) with the complex sphere S£, where 

S£ = { a eC d ^\a 2 + ---+a 2 d+1 = r 2 }. 

We now consider a quantum particle moving on the sphere. We take the quan- 
tum Hilbert space to be the position Hilbert space L 2 (S d ). (See [[j]] for a more 
abstract approach.) We consider the quantum complexifier given by 

kinetic energy J 2 
complexifier = — -, 

to 2mu>r 

where J 2 is the total angular momentum operator given by 

2 



. r 



2 



j 2 = -h 2 S2 ( x k — xiJr~ 

f-f V oxi dx k 

k<l 



By analogy to (1.1) (replacing the Poisson bracket with the commutator divided 
by ih) we define non-self-adjoint operators A k by the formula 



We call these operators the annihilation operators. There is also a polar decom- 
position for the ^4fc' s (g eneralizing a formula of || for the S 2 case) and an explicit 
formula similar to ( |l.2|) but with certain quantum corrections [Q, Eq. (38)]. We 
may also express A k as 

where J 2 = J 2 /h 2 is the dimensionless form of the angular momentum operator 
and where r is the dimensionless parameter given by 



r 



The A k 's satisfy [A k ,Ai] = and A\ h A 2 I+1 = r 2 I. 

We now define the coherent states to be the simultaneous eigenvectors of the 
Ak's. There is one coherent state for each point a in the complex sphere S d , which 
means one for each point in the classical phase space, since we identify S d with 
T*(S d ) by means of ( Jl . 2| ) . The coherent states are given by the heuristic expression 

|Va) = e~ rJ2/2 |«5 a ) , a e S d 
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where \5 a ) is supposed to be a position eigenvector satisfying X/. |<5 a ) = cjfe \S a ) . For 
a in the real sphere \S a ) is a generalized function and e~ Tj I 2 \S a ) is a smooth func- 
tion on S d . For a in the complex sphere |^ a ) can be defined by analytic continuation 
with respect to a. See Prop. 1]. 
Explicitly we have 

1& a (x)=p?(a,x), xeS",ae4 

where p d is the heat kernel on the d-sphere. Here p d (a, x) is initially defined for 
a and x in S d , but we can extend to a £ S d by analytic continuation. For odd- 
dimensional spheres we have the formulas 



oo 



/9 i(a,x) = (27rr)- 1 / 2 V p -(9-2*»)72t 



71 — — OO 



p3(a,x) = (27rr)- 3 / 2 e^ 2 -i- £] (9 ~ 2nn)e^ e ' 2 ^ 2 / 2r 



sin 6 

n — — oc 

(1.4) p d T + 2 (a,x) = - e ^/ 2 ^_^( a ,x). 

Z7r sin # atf 

Here is a complex- valued quantity satisfying cos# = a • x/r 2 . (There is precisely 
one such 9 with < Re (9 < tt.) See [^] for formulas in the even-dimensional case. 

2. The large r limit 

The purpose of this paper is to study the behavior of the coherent states in the 
limit r — > oo. For simplicity we consider only the odd-dimensional case, although 
the same results almost certainly hold in the even-dimensional case as well. A 
region of fixed size R in a sphere of radius r will look Euclidean as long as r ^> R. 
So we expect the coherent states for large r on S d to look like the usual coherent 
states on W l provided that the coherent states are concentrated into a region of size 
R < r. 

Now, the spatial size of the coherent states is controlled by the dimensionless 
parameter r = h/mur 2 . Specifically, if AX denotes the approximate spatial width 
of the coherent states then we expect that AX w y/h/2muj (as it is in the Euclidean 
case) at least if this quantity is small compared to r. In that case we will have 



AX _ v / h/2muj _ FF 

~r r ~ V 2' 

We will prove that if u>, m, and h remain fixed and r tends to infinity then indeed 
the coherent states have spatial width approximately equal to yh/2rnuj and that 
the coherent states become (in a sense to be described shortly) precisely the usual 



Gaussian wave packets on R . (See ( |2.3| ) and (2.4) below.) The proof amounts to 



analyzing the behavior of the heat kernel for small r, since r = h/muir 2 tends to 
zero as r tends to infinity with u>, m, and fi fixed. 

Kowalski and Rembielihski do not have a parameter comparable to our u> in |0 . 
This means that what they do corresponds to the r = 1 case of our construction. 
Since the value of r is fixed, the angular dependence of the coherent states in |^| 
is independent of r, that is, the coherent states in @ simply scale proportionally 
to r. (See Equation (5.3) in [Bj.) It seems to us, therefore, that one cannot get 
the canonical coherent states on !L d in the large-r limit without introducing the 
parameter u>. 
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Another way of thinking about the significance of u is that raw has units of 
momentum divided by position. On the classical side this gives a way of writing 
dimensionally correct combinations of position and momentum (without using h), 
as in ( |l.2j ) . On the quantum side we expect that the ratio of the width in momentum 
space to the width in position space of the coherent states is approximately mco. 

The coherent states are labeled by points a in the complex sphere, which are 
in one-to-one correspondence with points in the classical phase space by means of 
([L~2j). We consider a coherent state where the position part of the label is at a fixed 
distance (independent of r) from the north pole, and we evaluate that coherent 
state at a point that is also at a fixed distance from the north pole. Specifically, 



we choose a point (xo,po) in R 
(2.1) x 



and we let Xp be the point in S given by 



x , 



.2 



X, 



(2.2) 



Po = Po, 



v . We also let po be given by 
Po • x \ 



o , 



so that xo • po = 0, that is, (xo, po) S T*(S d ). We now consider the coherent state 
VVXo'Po)' ^ e then fix another point x in M d , and we let x = (x, (r 2 — x 2 ) 1 / 2 ). (See 
Figure 1.) We will show that ^ a (x ,p )( x )> viewed as a function of x, behaves for 
large r like a Gaussian wave packet centered at x = Xq and with momentum po. 




Figure 1 

Note that for large r we have Xo ~ (xo , r) and po 
(1.2) that for large r we have 



(po,0). It follows from 



(- - \ ( | • Po 
a ( x O'Po) ~ ( x o + i , 



That is, the first d components of a(x ,p ) give just Xo + ipo/muj as in the Eu- 
clidean case, and the last component of a(x Q ,p ) is just a constant. Heuristically 
this means that on the quantum side (when applied to functions supported in a set 
of fixed radius R around the north pole) we should have the first d components of 
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A approximately equal to X + iP/mtu and the last component of A approximately 
equal to rl. This explains heuristically why the coherent states (eigenvectors of A) 
should look like their Euclidean counterparts in the large r limit. 

Theorem 2.1. The coherent states on odd- dimensional spheres have the fol- 
lowing limiting property for large r. Fix Xq and po in R d , and let z = xq +ipo/mu). 
Then 

ri , ,~n fmoj\ d / 2 f (z — x) 2 

^^o-Po)W=(^) -P{"W^ 

where the limit is uniform for x in compact subsets o/K d . Here Xq, po, and x are 



defined by \2.\ ) and and (z — x) 2 means [z\ — X\) 2 + • • • + (Zd — Xd) 2 



The right side of ( |2.3| ) is the usual Gaussian coherent state, which can also be 
written as 

(2-4) c z (^) d/ \xJ-^l\e^\ 



\2irh) \ 2h/muj 

where c z = exp(— jpo • xq/K) exp(p^ / 2hmu>) . 

3. Proofs 



Theorem 2.1 would follow from standard heat kernel asymptotics if the angle 9 
were real. As it is, we need to verify that the expected behavior of the heat kernel 
holds for small r and small complex 9. Recall that ^> a (j j p o )(x) = pf (a(x ,p ),x) 
depends only on the complex angle between a(x Q ,p ) and x. We will denote this 
function by pf(0). Since the heat kernel pf(9) is an even entire function of 6, and so 
depends only on 2 , we need to understand the dependence of 2 on z = Xo+ipo/mu, 
and x. The following lemma provides the answer. 

Lemma 3.1. Fix Xq and po in R d . Let K be a compact set in R d and let s be 
a positive number with s < tt. Then for all sufficiently large r and all x in K there 
are solutions to COS0 = r~ 2 (a(xo,p ) • x) with \0\ < s. These solutions are unique 
up to a sign and satisfy 

„2_(Z-X) 2 



<?(r,z,x), 



where z=xn + i— and 



|?(r,z,x)| < Cr~ 4 
for a fixed positive constant C and all x £ K. 

The proof uses only that cos# ml — 8 2 /2 for small 9, and is omitted. Note 
that as r tends to infinity both r and 9 tend to zero but that 9 2 /2t tends to 
(z — x) 2 / (2h/moj) as a function of x uniforml y on compact subsets of M. d . This 
observation is essential to the proof of Theorem |2.l|. 



Lemma 3.2. For odd positive integers d, let Pd{r,9) be defined inductively by 
P 1 (T,9) = (2nr)- 1 / 2 e- e ^ 2T 

e d -l 2 1 dP d {r,9) 

Pd+2(T,9) = — — 

2n sin 9 39 

for complex 9 with \9\ < tt. Then Pdij,9) is an even holomorphic function of 9 in 
the set \9\ < tt (with a removable singularity at the origin) for all d,r. 
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Let R d (r,9) be defined so that 

P d T (9) = P d (T,0)+R d (T,6). 

Then there exist positive constants s dl B dl and C d such that 

\R d (r,9)\<B d e~ c ^ T 

for all 9 with \9\ < s d and all r with < r < 1. 

Proof. The statement concerning P d (r, 9) follows easily by induction. There- 
fore, we need only prove the bound on R d (r,9). In light of the formula for p\ we 
have 



Ri(t,9) = 



1 



If we take, say, s\ — 5, then Re(9 — 27m) > 3tt/2 for all non-zero integers n and all 
9 with \9\ < si. From this it easily follows that, say, 

(r, 0)| < Be-^/' 2T 

for some B and for all 9 with \9\ < si. This establishes the desired result in the 
d = 1 case. 

Assume now we have the desired bound for R d {r, 9). In light of the inductive 
formula (1.4) for the heat kernel and the definition of P d we have 

dr/2 -i on 



which we write as 

(3.1) R d+ 2{r, 



2tt sin 9 89 

e dr/2 Q 1 g Rd 

2tt ^99~tW 



(r,9). 



Set Sd+2 equal to any positive number strictly less than s d , and let R d (r, 9) = 
S^Lo a ™( T )^ 2 " ^ e the power series expansion for R d (r,9). By the Cauchy esti- 
mates, we have 



K(r)| <B d e- c */ 7 
for all < t < 1. Then for \9\ < s d +2 we have 

IdRd, 



-2n 



89 



(r,9) = Y,^a n (r)9 2n - 



Therefore, for \9\ < Sd+2 and < r < 1 we have 



ldR d 



9 89 



< B d e- Cd/T ]T 2 '> 



\9f 



„2n~2 



<B d e-^^ 2n ZM_l_ = De -c <l/ T 



for a positive constant D. The bound for R d+ 2{i~, 9) now follows from (3.1). 
We use the notation of the previous lemma in what follows. 



□ 
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Lemma 3.3. For all odd positive integers d, there exist positive numbers s d < 7T 
such that 



lim 



P d (r,6) _ / « 



,0+ (27rr)- d / 2 e-« 2 /2r " 
uniformly on compact subsets of the set \9\ < s d . 

It is worth noting that the function on the right in the lemma is J~ 1 ^ 2 {9) where 
J is the Jacobian of the exponential mapping for S d , even though we will not make 
use of this fact. 

Proof. This is trivially true for d = 1. We proceed by induction. Define 
g d {r, 9) so that 

P d {T,6) = {2^r)- d ' 2 e~ 62 / 2T g d (T,6) 
and observe that g d {r, 9) is even and holomorphic on \9\ < s d . Then 

dr/2 1 ap 

P d+2(T , e) = -___^ M) 



(3.2) 



Our induction hypothesis on P d {r, 9) implies that g d {r, 9) tends uniformly to the 
function (9/ sin9)( d ~ 1 ^ 2 on compact subsets of \9\ < s d as r — > + . It follows by 
basic complex analysis that (l/9)dg d (T,9)/d9 tends to 1/9 times the derivative of 
(9/ svn9)( d ~ 1 ^ 2 uniformly on compact sets. Thus, because of the factor of r, the 



second term in brackets in (3.2) tends to zero uniformly on compact sets. The first 
term in the brackets tends to (9/ sin9)( d+1 ^ 2 uniformly on compact sets as r — * + , 
which establishes the lemma for dimension d + 2. □ 



We now put our results together to supply the proof of Theorem 2.1 



Proof. Recall that r = h/mojr 2 and that we must evaluate the heat kernel at 
a value of 9 where cos (9 = r _2 (a(x , p ) • x). Lemma [O] shows that we may choose 



9 satisfying \9\ < s d if r is sufficiently large. Therefore, by Lemma 3.2, we need only 



calculate the limit of r d P d (H/mujr 2 , 9) as r — > 00. As noted above, 

/ n ° 2 (z-x) 2 

(3-3) lim - = L— -L 

r^oo It 2h/muj 



uniformly for x S K. Therefore, using (|3.3|) , Lemma |3.3| with the fact that we 
may choose 9 2 to tend uniformly to zero as r — » 00, and the fact that continuous 
functions are uniformly continuous on compact subsets, it follows that 

hm r P d [ 2 , 6» = — exp^-— 

uniformly on X. □ 
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